Capital theory controversies and 'paradoxes' showed that, due to price-feedback effects, the wage-production price-profit rate curves may display shapes inconsistent with the requirements of the neoclassical theory of value and distribution. Subsequent findings on a number of quite diverse actual single-product economies suggested that the impact of those effects is of limited empirical significance. This paper argues that, by focusing on the distributions of the eigenvalues and singular values of the system matrices, we can further study these issues and derive some meaningful theoretical results consistent with the available empirical evidence. Consequently, the real paradox, in the sense of knowledge vacuum and, thus, requiring further research, is the distributions of the characteristic values and not really the 'paradoxes in capital theory'.
Introduction
Capital theory controversies and the associated with these 'paradoxes' culminated in the decades of 1960s and 1970s. These debates started as a critique of the logical foundations of the neoclassical theory of value and distribution, and they showed that the wage-3 Schefold, 2006; Mariolis and Tsoulfidis 2015, Chaps. 3 and 5 , and the references therein).
All these findings imply that, although the actual economies cannot be analyzed on the basis of 'neoclassical parables', the role of price-feedback effects is actually of limited empirical significance.
The claim that this paper raises is that, by focusing on both the eigenvalue and singular value distributions of the system matrices, we can (i) further study these theoretical issues; and (ii) derive some meaningful theoretical results consistent with the available empirical evidence. More specifically, we start with a spectral representation of the price-wage-profit system of a closed economy involving only single products and 'basic' commodities (in the sense of Sraffa 1960, pp. 7-8) . Then the approach is applied to the Symmetric Input-Output Table ( SIOT) of the UK economy for the year 1990, which represents an ideal testing ground for our theoretical findings. It should be stressed from the outset that the results obtained are typical for a number of countries that have been hitherto tested (Mariolis and Tsoulfidis 2015, Chaps. 3 and 5-6) and are presented here for the first time. We used input-output data of the UK economy mainly for two reasons: first, the UK data have not been used in similar experiments and, second, the available capital flow matrix for the year 1990 enables to carry out our experiments in both circulating and fixed capital stock matrices. Thus, we can directly compare the results derived from both type of matrices and pinpoint their probable differences. Finally, this investigation shows that the characteristic value distributions of the matrices of vertically integrated technical coefficients make possible the mimicking of the behaviour of the entire price system through the use of a single or just a few hypothetical basic industries.
Those industries bear meaningful similarities to what can be described by the SamuelsonHicks-Spaventa or 'corn-tractor' model (see Spaventa 1970) .
The remainder of the paper is structured as follows. Section 2 deals with the theoretical issues lurking behind the shapes of the wage-price-profit rate curves. Section 3 exposes the empirical results. Section 4 argues that the results could be connected to the characteristic value distributions of the system matrices. Section 5 estimates a corn-tractor approximation that tends to contain the essential properties of the original system. Finally, Section 6 concludes. 4
The Mechanics of Production Prices

Preliminaries
Consider a closed, linear system involving only single products, basic commodities and circulating capital. Assume that (i) the input-output coefficients are fixed; (ii) the system is strictly 'profitable' or, equivalently, 'viable', i.e. the Perron-Frobenius (P-F) eigenvalue of the irreducible nn  matrix of direct technical coefficients, A , is less than 1, and 'diagonalizable', i.e. A has a complete set of n linearly independent eigenvectors; 1 (iii) the net product is distributed to profits and wages that are paid at the end of the common production period; (iv) labour may be treated as homogeneous because relative wage rates are invariant; and (v) the profit rate, r , is uniform. On the basis of these assumptions we can write
where p denotes a vector of production prices, w the money wage rate, and l (  0 ) the vector of direct labour coefficients. After rearrangement, equation (1) becomes
Equation (3) gives a trade-off between w and  , known as the WPC, which may admit up to 36 n  inflection points, and equation (4) gives the production prices as functions of  , which may admit up to 24 n  extremum points (though it is not certain that they will all occur in 01   ; Garegnani 1970, p. 419). It then follows that (0) 1 
Equation (5) gives a linear WPC. Equation (6) 
That is, the system tends to behave as a reducible two-industry economy without 'selfreproducing non-basics' (in the sense of Sraffa 1960, pp. 90-91) . These eigenvalue decomposition rank-one approximations have the following properties:
(i). Their accuracy is directly related to the magnitudes of
(ii). They are exact at the extreme, economically significant, values of  .
A  JJ , they become exact for all  . In that case, J can be transformed, via a semi-positive similarity matrix T , into (Schur triangularization theorem; see, e.g. Meyer 2001, pp. 508-509) 12 1
where the first column of T is That is, the original system is economically equivalent to an nn  corn-tractor system, even if J is irreducible (Mariolis 2013) . Thus, the first row in the transformed matrix J represents an industry which can be characterized as 'hyper-basic', and the price system (2) is transformed to
where (12) corresponds to the 'tractor industry', which is no more than the SSS, while the remaining equations correspond to non-uniquely determined 'corn-industries'. 4 An alternative but rather different rank-one approximation can be deduced from the singular value decomposition of J , i.e. 
Price-movements
If SSC is chosen as the numeraire, then 1 1 d  and, therefore, approximation (10)
which coincides with Bienenfeld's (1988) linear approximation formula for the price vector. By contrast, from equations (8),
which implies that the individual components of p can change in a complicated way as  changes. 6 For the purposes of this paper, however, it suffices to focus only on equation (6), from which we get 
Condition (18) signifies that the violation of the traditional condition is 'more unlikely':
(i) the smaller is the value of the relative profit rate; and/or (ii) the greater is the difference between the capital-intensity of the SSS and the capital-intensity of the vertically integrated industry under consideration.
Empirical Results
In this section we apply our analysis of the price-wage-relative profit rate curves to the Furthermore, in the former case, the 'actual' relative profit rate (see the Appendix) is approximately equal to 0.310, while in the latter case, is approximately equal to 0.281. To the best of our knowledge, there is no relevant empirical study where the actual  has been estimated as less than 0.170 and considerably greater than 0.500. Taking into account that  is no greater than the share of profits in the SSS, this seems to be in accordance with many well-known estimations of the share of profits (approximated by the net operating surplus) in actual economies (for further discussion and estimates for various actual economies, see Mariolis and Tsoulfidis 2015, Chap. 3).
Price curves in the circulating capital case
The changes in the price-labour value ratios, in terms of SSC, induced by hypothetical changes in the relative profit rate ( 01   ) are in most cases monotonic, as this is displayed in Figure 1 (consider equation (16) (15) and (18)), while three from these curves cross the line of equality between prices and labour values (price-labour value reversal). 8 The 'mirror images' of the pricemovements are given in Figure 3 (associated with the monotonic price curves) and Figure   4 (associated with the non-monotonic price curves), which display the changes in the vertically integrated capital-intensities, j k , induced by changes in  , and the capitalintensity of the SSS, 1 R  , which in our case is approximately equal to 1.149.
It is thus observed that (i) for instance, in industries 2, 9 and 23, the term j k is almost constant and, therefore, the price curves are near-linear; (ii) in industries 5, 20, and 28 (in industry 31), where the price-movement is non-monotonic, the term tend to be larger than those of the circulating capital case; 9 and (iv) the number of near-linear price curves is remarkably greater than that of the circulating capital case. 
Linear approximation of prices
The already identified 'smooth' patterns of the price-movements indicate that the linear approximation (14) would not be without some empirical validity. Figure 7 displays the errors in this approximation, i.e.
A jj pp  , 1, 2,...,33 j  , as functions of the relative profit rate (hereafter, the symbol 'CC' ('FC') will indicate the circulating (fixed) capital model). 10 A visual inspection of this figure reveals that, in both models, the majority of the errors is concentrated in narrow bands and, therefore, the 'crude' approximation (14) 10 Only a single curve, corresponding to industry 2 in the circulating capital case, crosses the horizontal axis 
Wage-profit curves
In order to complete the picture, Figure 8 displays the WPCs (equation (3)), measured in terms of three alternative numeraires that are of particular significance, i.e. the actual gross output, net output and real wage rate vectors, and the S w curve, which is depicted by a dashed line. This figure also reports the sign of the second derivative, w , the maximum absolute deviation from the straight line, i.e. 
Characteristic Value Distributions
Summing up, our empirical results show that, within the economically relevant interval of  , there are 7 cases (or 7 / 66 11%  of the cases tested) of non-monotonic pricemovement, with no more than one extreme point, and 3 cases (or 5%) of price-labour value reversals. Both phenomena occur at values of  which are greater than the actual one. Moreover, the linear approximation of the prices works well. Finally, the WPCs alternate in curvature in 11 cases (or 11/ 72 15%  of the cases tested), in 7 cases (or 10%) the inflection point occurs at values of  which are less than the actual one, while it has not been found any case where the curvature switches more than once. In general, the price effects along the WPCs could be considered relatively weak.
It seems, therefore, that the actual economy under consideration behaves as a lowdimensional system, that is, with no more than three industries. The spectral forms (7) and (8) suggest that this experimental finding, which is in line with the overall available evidence, could be connected to the characteristic value distributions of matrices J . Figure 12 , which displays the moduli of the normalized eigenvalues and the normalized singular values of K (the horizontal axis is plotted in logarithmic scale). It may be recalled that 12 As is well-known, the geometric mean is more appropriate for detecting the central tendency of an exponential set of numbers. In our case, it can be written as Thus, it is concluded that the transformed approximate matrix A J extracts the essential information embedded in the original system and that, in the fixed capital case, even the original system tends to be economically equivalent to an nn  corn-tractor system. For the circulating capital case, this statement is ascertained only in a weaker sense.
Finally, the same holds true for the singular value decomposition rank-one approximation matrix of J (see equation (13) 
